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, . 1 ,
$v$ , .
$A(u, v)$ $B(u$ , .
.
$B(u,v)$ $= \frac{\pi}{2}v+\sum_{n=1}R_{n}\frac{\cosh(\frac{n\pi u}{1})}{c\cdot osh(\frac{n\pi\kappa}{2})}\sin(\frac{n\pi v}{2})$ ,
$A(u, v)$ $=A_{0}+ \frac{\pi}{2}u+\sum_{n=1}R\frac{\sinh(\frac{n\pi u}{2})}{\cosh(\frac{n\pi\kappa}{2})}$ cos $( \frac{n\pi v}{2})$ ,
$R_{n}= \frac{1}{n}\{\frac{1+(-1)^{\mathfrak{n}}}{2}+\cos(\frac{n\pi\sigma_{1}}{2})-\cos(\frac{n\pi\sigma_{2}}{2})+\cos(\frac{n\pi\sigma_{3}}{2})\}$ .
. $u=\kappa$ ,
$O(1/n)$ . , $A(u, v),$ $B(u, v)$
2 , $A(u, v)$ .
2. $A(u, v),$ $B(u, v)$ .
.
. $O(1/n)$ ( ) , $O(1/n)$
[36]. .
$A( \kappa,v)-A_{0}=\frac{\pi}{2}\kappa+\sum_{n=1}\frac{\exp(\frac{n\pi\kappa}{2})-\exp(-\frac{n\pi\kappa}{2})}{\exp(\frac{n\pi\kappa}{2})+\exp(-\frac{n\pi\kappa}{2})}R_{n}$cos $( \frac{n\pi v}{2})$
$= \frac{\pi}{2}\kappa-\sum_{n=1}\frac{2cxp(-n\pi\kappa)}{1+\exp(-n\pi\kappa)}R_{n}$ cos $( \frac{n\pi v}{2})+\sum_{n=1}R_{n}$ cos $( \frac{n\pi v}{2})$
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( ) [15]. , $\gamma$
, .
, .
2 $\gamma$ $\kappa$ , $\Gamma_{\kappa}=\{(x, y)|u(x, y)=\kappa\}$ .
, $\Omega_{\gamma}^{\epsilon}$ $\gamma$ .
99
$\Delta u=0$ in $\Omega_{\gamma}^{e}$ , $u=0$ on $\gamma$ , $\frac{\partial u}{\partial n}=\frac{4}{l_{\gamma}}$ on $\gamma$ .
, , Euler
( 4)[15]. $x$ ,
. , . $u$
, .
, $\gamma$ 1 $\Gamma_{a}$ . ,
$y$ ,
.
g P-$\cdot$ $0\cdot t500$
’




. , 2 ,
, [40, 46, 59]. ,
.
, .























































[1, 4, 9, 58, 62]. ,
, .
. Legendrc
Chebyshev , . Chebyshev
, Chebyshev-Gauss-Lobatto Chebyshev-Gauss
[1]. , Chebyshev-Gauss-Lobatto , $N$
, $x_{l}=\cos(l\pi/N),$ $l=0,1,$ $\cdots$ , N. ,
. , $N$ ,





SCM . SCM ,
$[4, 62]$ . Chebyshev SCM
, , $u’(x_{l})= \sum_{j=0}^{N}(D_{x})_{\{i}u_{j)}$ $u”(x_{l})= \sum_{j=0}^{N}(D_{xx})_{l\dot{\theta}}u_{j}$ .
$x_{l}$ $u_{j}=u(x_{j})$ . $D_{x},$ $D_{xx}$
, $(\cdot)\iota_{\dot{\theta}}$ $(l,j)$ . [1]. ,
SCM .
102






(IPNS, Infinite-Precision Numerical Simulation) [20].
, IPNS . 3




$u_{xx}=- \frac{\pi^{2}}{16}sn\frac{(x+1)\pi}{4}$ in $-1<x<1$ , $u(-1)=u_{x}(1)=0$ .
$u(x)=\sin((x+1)\pi/4)$ . IPNS .
, Dual Core Opteron Dual CPU . 16GB .
exflib[5] 7000 . * ,
, 5









, Fredholm 1 [6].
4 $u(y)$ .












IPNS . IPNS , SCM Chebyshev-Gauss-Lobatto
, FMLIB[51] . . SCM
. 4 .
[22, 241 .
8. SCM IPNS (2000 )[24].
104
,
. . , 4
, [24]. 8
















5 $u(x, y)$ .
$\Delta u(x, y)=\sinh(2\pi y)$ , $0<x<1,0<y<1$ ,
$u(0, y)=0$ , $0\leqq y<1$ ,
$u(1, y)=0$ , $0\leqq y<1$ ,
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$u(x,0)=0$ , $0<x<1$ ,
$\frac{\partial u}{\partial y}(x, 0)=g_{\epsilon}(x)$ , $0<x<1$ .
$g_{\epsilon}(x)=\{\begin{array}{ll}0 , 0\leqq x\leqq\frac{\epsilon}{2}\frac{1}{2\pi}(1-\cos(2\pi\frac{x-\frac{\epsilon}{2}}{1-\epsilon})) , \frac{\epsilon}{2}<x<1-\frac{\epsilon}{2},0 , 1-\frac{\epsilon}{2}\leqq x\leqq 1.\end{array}$
$\epsilon=0$
$u(x,y)= \frac{1}{4\pi^{2}}$ ( $1-$ cos $(2\pi x)$ ) $\sinh(2\pi y)$
$\epsilon=0$ . ($N$ $x,$ $y$ )
. . , IPNS($N$
$x,$ $y$ ) .
, IPNS , SCM Chebyshev-Gauss-Lobatto ,
FMLIB[51] . IPNS SCM $x,$ $y$ [-1, 1]
,
.




10. $\epsilon=0$ (120 ).
106
$\epsilon=0.0001$ . . IPNS
. , ,
.
(a) $N=20$ (b) $N=50$
1L IPNS $\epsilon=0.0001$ (120 ).
33 [29]
.
$[11, 59]$ . ,
. , [29]
. 2 $T$ $\epsilon$ .
6 2 $T\in[-1,1]$ $\epsilon$ , $u(t, x)$ .
$u_{t}(t,x)=u_{xx}(t,x)$ , $-1<t<1$ , $-1<x<1$ ,
$u(0,x)= \cos\frac{\pi}{2}x$ , $-1<x<1$ ,
$u(t, -1)=0,$ $u(t, 1)=f(t)$ $-1\leqq t<T$,
$u_{t}(t, \pm 1)=u_{xx}(t, \pm 1)$ , $T\leqq t<1$ .
, $f(t)=\epsilon(t+1)$ .
6 $T$ .
$\{\begin{array}{ll}T=1 \text{ },-1<T<1 \text{ },T=-1 \text{ }.\end{array}$






. $\epsilon=0$ , $T$ ,
.
, IPNS $(FDM\oplus EE)$ ( :2 , :1
) 2 . IPNS , SCM ,
exflib[5] . SCM Chebyshev-Gauss-
Lobatto . SCM , , $N_{t}$ , N
. $N=N_{t}=N_{x}$ . $FDM\oplus EE$ ,
, $N_{x}$ , $\Delta x=2/N_{x},$ $\Delta t=0.2(\Delta x)^{2}$ .
, $(T=1)$ . ,
[32]. , $\epsilon=0$ $t,$ $x$ ) . $\epsilon=0$
12 . $FDM\oplus EE$ IPNS .




(b-1) $(N=50)$ . (b-2) .
(b) IPNS$(200 ffi)$
12. $(T=1, \epsilon=0)$ .
$\epsilon\neq 0$ , .
, $(T=-1)$ . [32].












$(T=0)$ . $\epsilon=0$ 14 .
, $\tilde{u}(t, x)$ , $\tilde{u}(t, x)$
.






14. $(T=0, \epsilon=0)$ .
$\epsilon\neq 0$ 15 . $FDM\oplus EE$
, IPNS . , IPNS
, .
$u$ $u$
(a-1) $N_{x}=10$ (a-2) $N_{x}=200$
(a) $FDM\oplus EE$
(b-1) $N=10$ (b-2) $N=50$
(b) IPNS
15. ($T=0,$ $\epsilon=1$ ,200 ).
34 [30]
[30] .
2 $T$ $\epsilon$ .
110
72 $T\in[-1,1]$ $\epsilon$ , $u(t, x)$ .
$u_{t}=-u_{xx}$ , $-1<t<1,$ $-1<x<1$ , (1)
$u(0,x)= \cos\frac{\pi}{2}x$ , $-1<x<1$ , (2)
$u(t, -1)=0$ , $-1\leqq t\leqq T$ , (3)
$u(t, 1)=\epsilon(t+1)$ , $-1\leqq t\leqq T$ , (4)
$u_{t}(t, \pm 1)=-u_{xx}(t, \pm 1)$ , $T<t<1$ . (5)
7 $T$ .
$\{\begin{array}{ll}T=1 . . . \text{ },-1<T<1 . . . \text{ },T=-1 . . . \text{ }.\end{array}$
7 $T=1,$ $\epsilon=0$ .
$u(t,x)= \exp((\frac{\pi}{2})^{2}(t+1))\cos\frac{\pi}{2}x$ (6)
. (1) [19, 53, 54].
, . 16 , 2
FDM\oplus EE( :2 , :1 ) 3.3 IPNS
$T=l,$ $\epsilon=0$ 6 . IPNS
.
$u$





16. $(T=1, \epsilon=0,200digits)$ .
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$FDM\oplus EE$ , .
$\epsilon\neq 0$ . $T=1,$ $\epsilon=10^{-10}$
IPNS . . ,
. , $\epsilon$




17. ($\epsilon=10^{-10}$ , IPNS, $T=1,200digits$).
, , $(t,x)=(-1,1)$ $u_{t}\neq-u_{xx}$









$T=0,$ $\epsilon=0$ , 7 . 7 $T=1,$ $\epsilon=0$
(6) . ,





, IPNS (6) .
$u$
(a) $(N=50)$ (b)
18. (IPNS, $T=0,$ $e=0,200digits$).
$T=-1$ . 7 . $T=1,$ $\epsilon=0$ (6)
. ,
[32]. ,







. ( ) , ( )
.
[31, 39, 60, 61],
. .




$u_{x}(x,y)= \cos\theta u_{r}(r,\theta)-\frac{\sin\theta}{r}u_{\theta}(r, \theta)$
$u_{l/}(x,y)= \sin\theta u_{r}(r, \theta)+\frac{\cos\theta}{r}u_{\theta}(r,\theta)$
$u_{xx}(x,y)= \cos^{2}\theta u_{rr}(r,\theta)-\frac{\sin 2\theta}{r^{2}}(ru_{r\theta}(r,\theta)-u_{\theta}(r,\theta))+\frac{\sin^{2}\theta}{r^{2}}(u_{\theta\theta}(r,\theta)+ru_{r}(r,\theta))$
$u_{xy}(x,y)= \frac{\sin 2\theta}{2}\{u_{rr}(r,\theta)-\frac{1}{r^{2}}(u_{\theta\theta}(r,\theta)+ru_{r}(r,\theta))\}+\frac{\cos 2\theta}{r^{2}}(ru_{r\theta}(r,\theta)-u_{\theta}(r,\theta))$
$u_{yy}(x,y)= \sin^{2}\theta u_{rr}(r,\theta)+\frac{\sin 2\theta}{r^{2}}(ru_{r\theta}(r,\theta)-u_{\theta}(r,\theta))+\frac{\cos^{2}\theta}{r^{2}}(u_{\theta\theta}(r,\theta)+ru_{r}(r,\theta))$
$r=0$ . , $u_{x}(0, \theta)$
, $(r, \theta)=(0, \theta)$ $u_{x}(x$ , . $r\neq 0$
.
$u_{x}(0, \theta)=c\cdot os\theta u_{r}(0, \theta)$ -sin 9 $u_{r\theta}(0, \theta)$
$u_{y}(0, \theta)=\sin\theta u_{r}(0, \theta)+\cos\theta u_{r\theta}(0, \theta)$
$\uparrow A_{xx}(0, \theta)=u_{rr}(0, \theta)-\frac{1}{2}\sin 2\theta u_{rr\theta}(0, \theta)+\frac{1}{2}\sin^{2}\theta u_{rr\theta\theta}(0, \theta)$
$u_{xy}(0, \theta)=\frac{1}{2}\cos 2\theta u_{rr0}(0, \theta)-\frac{1}{4}\sin 2\theta u_{rr\theta\theta}(0, \theta)$
$u_{yy}(0, \theta)=u_{rr}(0, \theta)+\frac{1}{2}$ sin29 $u_{rr\theta}(0, \theta)+\frac{1}{2}\cos^{2}\theta u_{rr\theta\theta}(0, \theta)$
3.3 , IPNS .
. , $[27, 28]$
[53, 54, 64].
.
$u(x,t)= \exp\frac{\pi^{2}t}{4}\cos\frac{\pi x}{2}$ , $0\leqq t$ , $-1\leqq x\leqq 1$
, $t$ $t= \frac{\tilde{s}}{1-\overline{s}^{2}}$ , $\tilde{u}(x,\tilde{s})=\tilde{u}(x,\tilde{s}(t))=$
$u(x, t)$ $\tilde{u}=\frac{\tilde{v}}{1-\tilde{v}^{2}}$ .
$\tilde{v}(\dot{x},\tilde{s})=\frac{2e^{\pi^{2}}\urcorner_{1-l}^{-arrow}\cos\frac{\pi x}{2}}{1+\sqrt{1+4e^{\tau_{\overline{1}-l}^{\angle}\tau}\cos^{2}\frac{\pi x}{2}2}}$ $0\leqq\tilde{s}<1$ , $-1\leqq x\leqq 1$
, $\tilde{v}$ $0\leqq\overline{s}<1$ , ( 20).
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(a) $(u(x, t))$ (b) $(\tilde{v}(x,\tilde{s}))$
20. .
$f(x)$ ( $e^{\lambda t},$ $\lambda>0$ )
, $f(x)$ $0$
.
, . 1 IPNS
$[21, 55]$ . 1 SCM [50].
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